The purpose of this study was to characterize the form of the pupil in normal human subjects. Using a modified slitlamp, photographs of pupils were taken in steady illumination and 10-20 sec after darkness. Transparencies were projected and digitized, and the pupil margin was represented as a circular Fourier series. Best-fit ellipses were also determined. The placement of the pupil relative to the limbus was determined in a number of subjects. Results from 23 subjects indicated that in both darkness and light, average pupil noncircularity was 0.0166. (A value of 0.0200 is easy to detect with the unaided eye from the photographs.) On average, the best-fit ellipse accounted for about half of the noncircularity (59.6% in darkness; 47.7% in light). Most of the contribution to shape was made by the first 4 or 5 harmonics. Shapes were usually stable within a session and could remain fairly stable for at least a year; however, shapes for different subjects were not very similar, especially in the light. (Average pairwise similarity: 0.106 in darkness; 0.034 in light; similarity can have values from --1 to I.) For a given subject, shapes in light and dark were often fairly similar (average similarity 0.260), but there were systematic differences: in eyes where the ellipse contributed > 20% ofnoncircularity, ellipse major axes clustered around vertical in darkness, and horizontal in light, implying greater contraction near the vertical meridian. Even pupils with little elliptical contribution turned out to contract more near the vertical meridian. There was some tendency for left and right eyes of an individual to show mirror symmetry of shape. In the dark, pupils were located 0.27 + 0.09 mm nasal and 0.20 + 0.15 mm superior to the fimbus center, and usually moved slightly further nasal or superior in the light. Noncircularity increased with age (0.0015/decade). It was concluded that pupils show individuality of shape, with significant regularities within and across subjects.
INTRODUCTION
Much of the clinical importance of the iris and the pupil lies in the diagnostic value of their responses to stimuli, their relative sizes, etc. Some aspects of the pupil which have received relatively little attention are details of its shape and also of its placement in the iris. Departures from circularity and concentricity must reflect anisotropies of structure and/or innervation. In some pathologies, marked departures from circularity have been noted, usually anecdotally, and it has been suggested qualitatively that pupils sometimes become less circular with increasing age (Loewenfeld, 1979) . However, the only attempt to quantify pupil shape seems to have been made by Kristek (1965) who measured the longest and shortest diameters and characterized the pupil as elliptical on this basis. Virtually all dynamic studies of the pupil measure only diameter (or area), and even studies of unequal pupil sizes (anisocoria) have measured only horizontal diameter or area. In the present study, the shape and placement of the pupil was studied in normal subjects. In addition to structural implications, placement could affect the optics of the eye. Furthermore, a number of techniques for measuring direction of gaze depend on the relationship between the first Purkinje image of a light source and the center of the pupil; if the pupil center moves, it would have implications for such techniques.
The results indicate that, as might be expected, there are no truly circular pupils. Individuals show constancies of pupil shape, which vary systematically in different conditions of illumination. There are also general trends of pupil placement in both dark and light conditions.
A preliminary version of these findings was reported at the 1994 Meeting of the Association for Research in Vision and Ophthalmology (Wyatt, 1994 ; a coordinate error in the data presented at that time led to erroneous values for absolute placement of the pupil).
METHODS
A photographic slitlamp (Nikon) was modified by altering the direction of the illumination beam, and by inserting a half-silvered mirror where the beam intersected the viewing (and photographic) axis (see Fig. 1 ). This produced illumination coaxial with the viewing axis, giving rise to bright retinal reflexes ('red-eye'), which gave photographs With sharplydelineated pupil margins. A sheet of plastic in the illumination beam produced a small amount of scattering, improving the illumination of the entire front of the eye. (At its lowest setting--as used--beam intensity was approx. 18 W/m 2 at the eye; at the position of the eye, the source appeared about 12 deg across with luminance approx. 100 cd/m2.) With the beam fully open (16 mm dia), photographs were taken on slide film, usually at 16 x or 10 x, in two conditions: (a) In the light i.e. with the subject looking directly into the beam of the slitlamp set at its lowest intensity.
(b) In the dark--i.e. 15 20 sec after the beam was extinguished.
It is important to note that the 'dark' condition used here did not involve a fully dark-adapted eye. A pair of red LED's were provided for the subject to maintain the same direction of gaze. Photographs were also taken in other conditions, but the results added little to the two conditions mentioned, and they will not be presented here. At least 2, and usually 3, photographs were taken in each condition; pictures in the light and dark conditions were interlaced. (After the light was turned on, 10-15 sec was allowed for the pupil to settle to an approximately steady state.) Both eyes were photographed for the majority of subjects.
Several pictures from different subjects were subjected to repeated analysis, in order to assess the test/retest reliability of the analysis process for determining shape and placement of the pupil. Several photographs taken of a microscope reticle, placed at the eye position in the photo-slitlamp, were used to calibrate the relationship between the eye and projected transparencies. Dimensions have not been corrected for corneal magnification.
In separate sessions with three subjects, additional fixation points were provided to allow fixation at approx. 7.5, 15 and 30 deg to left and right. (Patches of phosphorescent tape were placed in appropriate locations.) Pictures were taken for all three subjects in the dark and for two subjects in the light.
Analysis of pupil shape
The photographic transparencies were projected onto a digitizing tablet (Jandel) and 40-60 points around the pupil margin were digitized. For a number of subjects, a number of points around the limbus were also digitized (see below). An example of a photograph is shown in Fig. 2 (A) and the digitized points in Fig. 2 (B). These data files were then used to determine pupil shape, and (in the cases where the limbus was digitized) the position of the pupil relative to the limbus.
In addition to the limbus, in a number of eyes the position of the corneal reflection of the photographic flash (lst Purkinje image) was digitized. This had a vertically-elongated shape, roughly 0.4 mm wide x 0.6 mm high.
The details of the data analysis are treated in the Appendix; a brief description is given here:
(i) The center of the pupil was determined.
(ii) The pupil margin was represented as a circular Fourier series (typically 20 terms) in polar coordinates with the pupil center taken as the origin: N R(0) = r,,,e + ~ r,,cos n (O-tp,,) (1) 2 where R(0) is distance from the pupil center as a function of polar angle 0, r, is the amplitude of the nth harmonic, and r,,.c is the average radius (equivalent to r0). The series was cast in cosine form with phase angle, q~,,, for the nth harmonic. Figure 2 (C) shows this analysis. [In Figs 2(C) and 2(D), the noncircular components of pupil shape have been magnified 5 x .] The analysis involves deriving an equal-angular interval data set (open circles) from the raw data (solid diamonds). As discussed in the Appendix, a peculiarity of circular Fourier representations is that the first harmonic has zero amplitude when the center is appropriately chosen.
(iii) The noncirculariO' (NC) of a pupil shape (see Appendix) is a way of expressing the contribution to shape made by nonconstant terms in equation (1). (The constant term is the average radius.) The noncircularity of a circle is zero; noncircularities of real pupils were often on the order of 0.02. While there is no unique shape corresponding to a particular value of noncircularity, the noncircularity amlitude is illustrated by the following: suppose that only the second-harmonic term in equation (1) is nonzero. (As discussed in the Appendix, this means that the shape is very close to an ellipse.) A noncircularity of 0.02 then means that the amplitude of the second harmonic is 0.02 x x/2 x r ...... where r .... is the average radius of the pupil (which is the same as the radius of the best-fitting circle). In other words, the second harmonic ~E PSL FIGURE 1. Diagram of photographic apparatus. Between the photo-slitlamp (PSL) and the subject's eye (E), a hal~silvered mirror (M) was interposed. The slitlamp source (S) was redirected from its usual orientation so the beam intersected M at the same point as the photographic axis. A slightly diffusing sheet of plastic (P) was placed in front of the source. The LEDs used for fixation were placed in the vicinity of P.
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. . . . ) amplitude is roughly 3% of the average radius. If the average radius is 2.5 mm (pupil dia 5 mm), the second harmonic amplitude is about 0.075 mm, the ellipse has major axis 5.15 mm, minor axis 4.85 mm, major/minor axis ratio 1.06 and eccentricity 0.336.
(iv) For eyes where the limbus and/or image of the photographic flash were digitized, the center location (of each, where appropriate) was determined [ Fig. 2(B) ].
(v) The least-squares best-fit ellipse was determined for each pupil [ Fig. 2(D) ]. The elliptical contribution to noncircularity, defined in the Appendix, is a number between 0 and 1; it describes howmuch of the noncircular shape of a given pupil is contributed by the best-fit ellipse. For ellipses that are not very eccentric, the deviation from a circle is almost entirely due to the 2nd harmonic term in equation (1). These were the basic measures yielded directly by the data; in addition, several other measures were used to describe the relation between a pair of, or within a group of, shapes.
The similarity, Sim(R,S), between two shapes R(0) and S(0) is a number between -1 and + 1. It is related to a correlation or coherence function, but is defined slightly differently, for reasons discussed in the Appendix. Identical shapes have a similarity of + 1, random shapes have an average similarity of zero (i.e. the average is zero when an ensemble of pairs is used), and a significantly negative value indicates a systematically different shape.
(For example, two ellipses with the same shape and perpendicular major axes have a similarity of -1; this is analogous to a negative correlation between two sinusoids in counterphase.)
To facilitate visual comparison of two shapes (e.g. an individual's pupil in light and dark conditions), difference shapes were generated. The difference shape used was the normalized dark shape minus the normalized light shape, with the difference expressed relative to the unit circle. Details are provided in the Appendix; some examples are shown in Fig. 6(C) .
Part of the present work examined variation of pupil shape. The measure used most often was the mean pairwise similarity--this is the average similarity between pairs either within one set of samples of pupil shape, or between two sets. (Within a set, pairs of samples with themselves are excluded.) This measure has the advantage of being directly applicable to both within-set and between-set situations. Another measure, useful for within-set analysis, is the mean similarity to the average shape, described in ~the Appendix, which has some advantages for small sets.
Subjecls
Twenty-three subjects, ages 22-71 (average age + SD: 35.8 ± 13.2; median 32.8) participated in these experiments. The subjects had had optometric examinations within two years prior to the study, and no ocular or neurological pathologies were known to be present. Right pupils were photographed for all subjects; both pupils were photographed for 9 subjects in the same sessions, and limbuses as well as pupils were photographed for 9 subjects. (For limbus data to be useable, the pictures had to be taken at low enough magnification to include the limbus, and the limbus had to be well-illuminated.) Informed consent was obtained from subjects after the procedure was fully explained.
RESULTS
The average pupil diameter for the 23 subjects was 4.93 mm in the dark condition and 3.09 in the light condition. The diameter in both conditions decreased with age with a slope of about -0.02 mm/yr (dark: -0.023 mm/yr, r = 0.34; light: -0.018 mm/yr, r = 0.46). shows the noncircularity for all subjects in the dark (A) and light (B) conditions. In most of the data presented, a single measure (e.g. of noncircularity in Fig. 3 ) is actually the average for the 2 3 shapes recorded from the same subject in the same condition in the same session. (The issue of variation for a single subject is dealt with later.) Figure 3 (C) shows the change in noncircularity for each subject, in going from darkness to light. Noncircularity was essentially the same in the dark (0.0176 _+ 0.0062) and in the light (0.0166 ± 0.0041). (Values are mean _+ SD; difference between dark and light not significant.) Figure 4 shows the contributions made by the various harmonics to the shapes of the pupils; this is presented as histograms of amplitudes of harmonics 2-8 in the (normalized) shapes of all subjects' pupils. Solid-bar histograms are for shapes in the dark; open-bar histograms are for shapes in the light. These histograms make it clear that the bulk of the contribution to shape comes from the lower handful of harmonics.
Shape
As noted, the noncircularities above were the average values of noncircularity for the subject in that condition i.e. each was the average value ofnoncircularity across individual samples of shape. This is somewhat different from the noncircularity of the average shape, where the shapes are averaged before computation of noncircularity. If several samples have the same shape, then the two measures will be the same; however, if there is variation, noncircularity of the average shape ~< average noncircularity. The same data used for Fig. 3 gave noncircularities of the average shapes = 0.0164 +_ 0.0065 (dark) and 0.0150 +_ 0.0045 (light) . These values are 6.8% and 9.6% less than the average noncircularities in dark and light, respectively. As may be inferred from the fairly small differences in their average values (7-10%), the two measures were usually quite close in value; however, a few subjects had larger differences, indicating greater variation within a condition. The average noncircularities will be reported here.
Similarity of shape between subjects and Jbr individual subjects between conditions
Test-retest reliability. When individual photographs were analyzed repeatedly, similarity between pairs of the determinations was typically about 0.9. If all subjects had the same pupil shape, then the comparison of shape would be trivial; however, this was far from true. The average of the pairwise similarities for the right eyes of all subjects was 0.106 in the dark and 0.035 in the light. Comparing average shape in the dark to average shape in the light for each subject, the similarity was 0.260 _+ 0.349, i.e. somewhat similar with considerable inter-subject variation. (It is worth noting that a subject with a fixed pupil would have light,lark similarity = 1.0, except for measurement error.) On average, the fraction of pupil shape contributed by the best-fit ellipse was about ½; it was somewhat greater in the dark (0.596 + 0.273) than in the light (0.478 + 0.251). (Difference between means marginally significant, P<0.10, paired t-test.) The substantial elliptical contribution to shape may be inferred from the large contribution of the second harmonic to shape (Fig. 4) .
Elliptical contribution to shape and the dark/light change
A more striking result appears in One implication of Fig. 5 is that the pupils in the study--at least those of subjects with at least 0.2 elliptical contribution--must contract more along the vertical meridian than along the horizontal. Figure 6 presents some further data related to this: three representative pupils from different subjects are shown. Figure 6 (A) shows the pupils in the dark (solid) and light (dotted) to scale (but with noncircularity magnified 5 x ). Figure 6 (B) shows the two shapes normalized and superimposed, and shape minus light shape) plotted relative to the unit-radius circle (dotted). It may be seen that there is a tendency for the difference curve to bulge out near the vertical and pull in near the horizontal, indicating greater contraction near the vertical meridian.
The average normalized shape of all 23 subjects' pupils (right eye) was determined; it was essentially elliptical in Figure 7 shows a comparison of left vs right eye shapes for 16 subjects. The similarity between left and right pupil shapes as photographed is plotted along the x-axis; the similarity between the same two shapes after the latter was flipped about its vertical diameter (left-right reversed) is plotted along the y-axis. The extent to which points fall above the 45 deg (dashed) line is a measure of the extent of mirror-symmetry. (It should be mentioned that if both pupils are ellipses of any eccentricity, with major axes horizontal or vertical, the resulting point falls on the 45 deg line.) There was a moderate tendency for the points to lie above the 45 deg line, indicating a moderate tendency towards mirror symmetry. The increase in similarity for the 16 subjects caused by flipping one of the two pupils was 0.164+0.333 in the dark and 0.112 _+ 0.224 in the light.
Left vs right eyes
The tendency towards left-right mirror symmetry sometimes depended in a simple way on strongly elliptical pupils; however, other components of shape could make significant contributions to mirror symmetry. Figure 8 shows the pupils of a 50-yr old male in the light. The similarity increased from 0.103 to 0.688 as a result of the flip. The elliptical contribution to the two shapes was 0.55 and 0.65 (R and L eyes, respectively). The best-fit ellipses, taken by themselves had a similarity of 0.325 which increased to 0.962 after the flip; the nonelliptical components, taken by themselves (and added to the unit circle), had a similarity of -0.173 which increased to +0.372 after the flip.
One other result bears on the left/right relationship: it was noted earlier that there was a strong tendency for the dark/light change to have an effective axis near the vertical. A comparison of this axis in left and right eyes was made in 9 subjects who showed substantial dark/light changes of shape with well-defined axes. For all 9 subjects, left and right axes either fell in the mirror-symmetric 45 deg next to vertical, or fell very close to vertical in one or both eyes. (None of the subjects showed dark/light change axes for the two eyes which clearly tilted in the same direction relative to the subject's head.)
Changes with age
As noted earlier, pupil size declined with age. Non-circularity was found to increase somewhat with age, and the increase was about the same in the dark (0.0138 + 0.00103/decade; r=0.22) as in the light (0.0122+0.00120/decade; r=0.40). When the 2nd harmonic (essentially the elliptical content) was examined separately from harmonics >_3, it was found to increase moderately with age in both dark and light. [Dark: 0.0095 + 0.00094/decade (r = 0.17); light: 0.0084+0.00055/decade (r = 0.14).] The noncircularity of the higher harmonics also increased with age, but less in the dark than in the light. [Dark: 0.0080 + 0.00015/ decade (r = 0.06); light: 0.0070 + 0.00072/decade (r = 0.32).] Given the weak correlations, these data must be taken as tentative.
The pupil in absolute (limbus) coordinates
Test retest reliability. While the limbus itself is not a well-defined entity, geometrically, it was quite easy to adopt a criterion for placing the points during digitization. When individual photographs were analyzed repeatedly, SDs of the limbus center position were typically about 0.02 mm. Figure 9 shows the positions of the pupil centers in absolute coordinates in 16 eyes of 10 subjects (both eyes in 6 subjects, left eye only in 2, right eye only in 2). The large symbols (and letters) show subjects where both eyes were measured. Solid symbols (and 'D') show the center locations in the dark, open symbols (and 'L') show the center locations in the light. Error bars show standard deviations for horizontal and vertical. Figure 10 shows the data of Fig. 9 for centers in the light, expressed relative to the average dark center location for the group of subjects, indicated by '+ '. (The average dark center location was 0.25 _+ 0.15 mm nasal and 0.14 _+ 0.12 mm superior to the limbus center.) The same symbols as in Fig. 9 show the location of each light center relative to ' + ', so the displacement of each light center from ' ÷ ' is the displacement undergone by that subject's pupil. (Center locations in the light are therefore not shown in their true location relative to the limbus.) Pupil centers were typically slightly higher and/or slightly more nasal in the light than in the dark--displacements from the dark location were typically 0.1 mm in size. (Average center location in the light was 0.28 ___ 0.09 mm nasal and 0.18 + 0.18 mm superior to the limbus center; the vector average of displacements was 0.03 mm nasal and 0.04 mm superior.) Displacements of 2 of 6 binocularlyphotographed subjects ('L' and diamond) were mirrorsymmetrical in the two eyes. Only one subject (inverted triangle) showed a significant displacement in the temporal direction--it appeared in both eyes but was considerably larger in the right. However, it should be noted from Fig. 9 that the dark position of this pupil was unusually far nasal, while the light position returned to the neighborhood of the other subjects--in fact, lay somewhat nasal to them. In absolute coordinates, all pupil centers examined lay nasal to the limbus center in both light and dark conditions (Fig. 9) . The Appendix describes two methods used to find the limbus center, one fitting a circle to the digitized points, * Strictly speaking, the 'corneal pole' referred to here is not the true pole in the sense of the intersection of the optic axis with the corneal surface; it is, rather, the intersection of the visual axis with the corneal surface, typically somewhat nasal to the actual pole, and might be referred to more accurately as the ophthalmometric pole. The first Purkinje image can be reasonably assumed to lie very near the visual axis when subjects are looking directly at the source. tA conservative choice of measures has been made here. The results for individual subject variation are mean pairwise comparisons of each subject's results (excluding comparison of a shape to itself). The measure used between a pair of subjects was the similarity of the average shape for each subject in a given condition (average shape of 2-3 measurements). The latter measure typically gives higher values for a group of shapes than mean pairwise comparison; here it is the method of obtaining the smaller value for the comparison.
the other using a more complete description of limbus shape. A detailed comparison of the two methods was carried out on data from the right eyes of two subjects. The two techniques were found to give very similar results: the largest difference in horizontal or vertical position was 0.05 mm and the typical difference was 0.01-0.02 mm.
As noted in Methods, the corneal reflection of the photographic flash was digitized for a number of eyes. Since the subjects were gazing at the center of the slitlamp source, which was at the same location as the flash, the center of the reflex should indicate the corneal pole* with reasonable accuracy. The average position of the corneal reflex was 0.24 + 0.35mm nasal and 0.19 + 0.12mm superior to the limbus center, which is very similar to the average position of the pupil center (also relative to the limbus) in the light condition, noted above. The average position of the pupil in the light condition, measuring each relative to the reflex, was 0.05 + 0.34 mm nasal and 0.01 + 0.12 mm inferior to the reflex; i.e. the two were essentially concentric on average. Comparing the various measurements, it may be seen that variation in pupil position relative to the limbus was considerably less between subjects than variation in position relative to the corneal reflex: the SD in limbus coordinates was about ¼ as large as in reflex coordinates. The greater variation in reflex coordinates was not due to greater variability in determining the reflex position; for several measurements of each type made on individual subjects, the variability of the determination was about the same. It was also noted that for modest movements of the illumination system, there was very little shift in the reflex position.
Variation in pupil shape over time
The short-term variability of pupil shape could be assessed, to a degree, by comparing shapes determined for one condition in one session. (Since the photographic flash perturbed the pupil system, and since light and dark conditions were alternated, this is not an examination of spontaneous variations in the steady state. However, the results can place upper limits on the variability.) The long-term variability of shape was assessed in a small number of subjects who were studied repeatedly over a period of up to 2-3 yr.
Short-term variation in shape. For the right eyes of all subjects, the mean value of the similarity to the average shape (for each subject in each condition in one session) _+ the mean value of the SD of each set of similarities to the average shape, was 0.788 + 0.076 (dark) and 0.734 + 0.071 (light). This argues for considerable constancy of shape within a session. The other measure of variability--mean pairwise similarity within each set of shapes--gave 0.619 _+ 0.196 (dark) and 0.546 + 0.229 (light). The mean pairwise similarity gives lower values (see Methods); it also permits direct comparison with between-subject results: the average inter-subject similarity was 0.106+0.314 (dark) and 0.035+0.263 (light)t.
The relatively high similarity of shapes within sessions did not mean that shape was invariant. For example, when best-fit ellipses (essentially the 2nd harmonic content) were examined closely for shapes within one condition, the major axes could vary by as much as 5 10 deg, and occasionally as much as 20 deg.
Long-term variation in shape.
When shapes were compared between sessions for the same subject in the same condition, they were generally less similar than shapes within a session. Table 1 presents results for 4 subjects studied over periods ranging from 2 weeks to 2.5 yr. (It should be noted again that conditions were interlaced so higher within-session similarities did not result from repeated samples of an unperturbed state.) The data do not permit an assessment of the time course of changes---closely-separated sessions could be as different as widely-separated ones. One subject (Subject 1, Table 1 ) showed high similarity between two sessions separated by 2 yr, but lower similarity between those sessions and one intermediate in time.
DISCUSSION

General properties of pupil shape
The present results indicate that pupil shape is an individual characteristic, with substantial constancies present for each subject, but with some common attributes. An approximate description is that: (a) the average shape in the dark is slightly elliptical with major axis near vertical, while in the light it is more nearly round with the major axis near horizontal; and (b) superimposed on these general average tendencies is a highly individual shape determined by harmonics above the second.
In regard to the elliptical contribution to pupil shape, while the average description is useful, it should be noted (Fig. 5 ) that the orientation of the elliptical component is far from being rigidly determined. Moreover, there are exceptions to the trend for pupils in the light to have an elliptical component with horizontal major axis. ( Figure  5 shows a secondary cluster of pupils with a near-vertical elliptical component in the light.)
The results with regard to elliptical content of shape may be compared to the results of Kristek (1965) who appears to have made the only previous attempt to quantify attributes of shape. (It is worth noting that Kristek's work--published in Czech---comprises a considerable body of basic pupil research.) Kristek found that, in the dark, the pupil was typically approx. 0.3 mm greater in one diameter than a more-or-less perpendicular one, the larger diameter lying 'vertical or slightly tilted.' (Kristek actually observed that the difference in diameters increased with age from average values of about 0.1 0.2mm at ages 10-20, to about 0.4mm at ages 51-60.) If one assumes a 6 mm pupil dia with the average difference of 0.3 mm, this means min (max) diameters of 5.85 (6.15) mm, and if this is attributed to a 2nd harmonic with amplitude 0.15 mm (normalized amplitude 0.0250), it gives a noncircularity of 0.0176. These numbers are in reasonable agreement with the present results. Also in agreement are Kristek's observations that the larger diameter in the dark tended to lie near the vertical (see Fig. 5 ), and that pupils became rounder in the light. Kristek did not quantitatively assess shape other than by the ratio of diameters.
The finding that pupils in the dark are slightly elongated vertically would appear to fit qualitatively with the description of many lower primates as having vertical slit pupils (Walls, 1942) . However, vertical slit pupils generally contract primarily along the horizontal, whereas the human pupil contracts somewhat more along the vertical than the horizontal.
No clear pattern has been determined in regard to the higher components of shape from one subject to another, except that the contributions are made primarily by the lower 5 or 6 harmonics (Fig. 4) . It is possible that these are essentially random variations of structure superimposed on the average trend. However, the evidence for some left/right mirror symmetry--observed, to a degree, for higher harmonics as well as the elliptical component (Fig. 8) suggests that at least part of the randomness does not occur at the level of the eye.
The declining contributions made by higher harmonics in the range studied (Fig. 4) support the course taken in cutting off at the 20th harmonic. Finer-scale structures (requiring higher harmonics) were present; in particular, the pigment frill was often clearly visible, but would have required much denser sampling. Since the focus of the study was on larger-scale aspects of shape, such detail did not seem warranted.
A factor which might contribute to observed pupil ellipticity is corneal astigmatism. For the pupil, a cornea with radius of curvature 7.3 mm along the vertical meridian and 8.3 mm along the horizontal would produce a maximum/minimum magnification ratio of about 1.016, corresponding to a normalized 2nd harmonic amplitude of 0.008 (less than the average--see Fig. 4 ). Such a cornea would have about 5.5 D of astigmatism, much more than is common. Also, due to peripheral corneal flattening, large pupils would be expected to show less ellipticity, whereas large pupils actually show more. It seems, therefore, that corneal astigmatism only makes a small contribution to pupil shape.
Changes with age
Pupil size was found to decrease with age in a manner much like that noted elsewhere (Loewenfeld, 1979) . The diameter of pupils in the dark in the present study averaged approx. 1 mm less at each age than in other work--presumably a consequence of the illumination which occurred while focussing the photo-slitlamp, together with the effects of the photographic flashes. An infrared system would permit easier examination of the pupil in the unperturbed dark state. A study of the spontaneous fluctuations in shape under steady conditions could also be of interest.
With respect to noncircularity, the present study shows a moderate, steady increase with age in both light and dark conditions. In the dark condition, this seemed to be accounted for by an increase in the elliptical component; in the light condition, the elliptical component and higher harmonics increased about equally. It seems plausible that irregularities (the higher harmonic contributions) could be more pronounced in the constricted state of older subjects as a result of local age-related changes in innervation and/or structure. While correlations were weak for contributions partitioned in this way, a very tentative assessment of the proportion of contributions at different ages is possible. Substituting the linear regressions in Results into the definition of elliptical contribution [Appendix, equation (8)], it is found that at age 'zero' the elliptical contribution in both light and dark is about 0.5; with increasing age, the elliptical contribution increases in the dark and decreases in the light. Study of a larger subject group with a greater proportion of older subjects would be required to test these suggestions. 
The pupil in absolute coordinates
The average location of the pupil center in the dark condition was 0.25 mm nasal and 0.14 mm superior to the center of the limbus. In the light, the center typically moved slightly nasally and/or superiorly, usually by approx. 0.1 mm. (Average location in the light was 0.28 mm nasal and 0.18 mm superior.) The pupil of one subject (inverted triangles in Figs 9 and 10) moved significantly temporally in the light relative to dark, which depended on an unusually large nasal location in the dark. In both light and dark, all pupil centers lay nasal to the center of the limbus. Purtscher (1964) described the pupil as displaced nasally to both the limbus and collarette. (The collarette was described as concentric with the limbus.) The present data are in general agreement with Purtscher's findings; all pupils in the present study were centered nasal to the center of the limbus. Walsh (1988) studied pupil centration in darkness and in light, in similar conditions to the present work. In going from dark to light, he found a typical shift amplitude of 0.19mm, with average horizontal shift slightly nasal (0.09 0.17mm) and average vertical shift very slightly superior (0.03-0.15 mm). Wilson, Campbell and Simonet (1992) measured horizontal pupil centration from video images, using the subjectively-determined achro-*Strictly speaking, the 'corneal pole' referred to here is not the true pole in the sense of the intersection of the optic axis with the corneal surface; it is, rather, the intersection of the visual axis with the corneal surface, typically somewhat nasal to the actual pole, and might be referred to more accurately as the ophthalmometric pole. The first Purkinje image can be reasonably assumed to lie very near the visual axis when subjects are looking directly at the source.
matic axis as the basis for the coordinate system. In going from dark to light, they found significant shifts in 11 out of 14 eyes in 8 subjects; 7 of 11 were predominantly nasal shifts and 4 of 11 were predominantly temporal. Dark pupils in the work of both Walsh (1988) and Wilson et al. (1992) were larger than in the present work. Since larger changes in pupil diameter are usually, though not always, associated with larger shifts (Walsh, 1988; Wilson et al., 1992) , the larger values for average and maximum shifts found in both studies (up to 0.4 mm in Walsh; up to 0.59 in Wilson et al.) are probably related to the larger dark pupils. A recent report by Charlier, Behague and Buquet (1994) found that the pupil shifted nasally and superiorly by about 0.038mm during a l mm constriction. Given the experimental differences and substantial inter-subject variation, the results of the present study and those of Walsh (1988 ), Wilson et al. (1992 , and Charlier et al. (1994) are in reasonable agreement. The corneal pole,* as estimated from the 1st Purkinje image of the photographic flash, was found to lie in essentially the same position relative to the limbus as the pupil in the light condition. Thus, the pupil in the light condition was nearly centered on the corneal pole (0.05 mm nasal, 0.01 mm inferior to the pole), indicating that the entrance pupil in the light is, on average, centered on the visual axis. However, these are average values; there was more scatter in the horizontal location of the pole relative to the limbus, and of the pupil relative to the pole, than of the pupil relative to the limbus. It appears, therefore, that pupil and limbus positions are somewhat more tightly related to each other than to the corneal pole.
Variability of pupil shape
The results indicate that for a given condition, most subjects show relatively little variation in shape within a session. Over a series of sessions, there was somewhat more variability, seen as less similarity between than within sessions (Table 1) ; however, closer sessions did not necessarily lead to greater similarity. While progressively shorter intervals between two sessions must presumably lead to the same between-session as within-session similarity, the brevity of the interval for achieving this is not yet clear.
One issue of interest in analyzing variation is: to what extent is shape determined by pupil size, or to what extent is the shape for an individual a function of only one variable--the size? One way in which this was examined was as follows: the shapes for a given subject in all conditions were arranged in a vector of N elements (for N observations) with the shapes arranged in order of diameter. An N × N matrix of the similarities between all possible pairs was then calculated. If shape depended only on size, the closer to the main diagonal an element in the matrix is found, the higher the similarity should be; the main diagonal has values of 1.0. On the scale of large changes in size, there was strong dependence of shape on size, and this is implicit in the results presented: when large, the pupil has a certain average shape for an individual, and when small, the shape is significantly different. Clearly, on this scale pupil size will be a major determinant of shape. However, when the data were examined to see if this relationship held for smaller variations in size (within a given condition), the result was negative; i.e. on the level of small changes in diameter, there was little correlation between shape and size.
Changes in pupil position and the 1st Purkinje image/pupil relationship
The Hirshberg test roughly estimates eye alignment from the relationship between the first Purkinje image of a source and the pupil (e.g. Stein, Slatt & Stein, 1992) . The implications, for this test, of pupil position changes is naturally of interest. Figure 11 shows results for three subjects photographed with varying gaze angles. The solid curve is the average horizontal position of the center of the 1st Purkinje image of the flash relative to the center of the pupil in the dark condition. The dotted diagonal is the thin-lens prediction of observed offset of the image of a point source from the center of a 3 mm pupil, treating the cornea as a 7.8 mm dia sphere, with the pupil 3.6 mm behind the pole. The open symbols show, for two of the three subjects, the difference between the reflex position relative to pupil center in the light condition compared to the dark condition. These differences were quite small, even for 30 deg gaze angles. Thus, results obtained in the light and dark would be about the same, if eye alignment remained the same.
Variations in the Purkinje image/pupil relationship, due to changes in pupil position, would be of greater importance for techniques which compare the two to measure gaze direction. One mm change of offset of the image from pupil center corresponds roughly to a 10 deg eye turn; if a subject's pupil changed diameter considerably during an experiment, its center could shift by 0.1-0.2 mm or more (Figs 9 and 10), which would amount to a 1-2 deg error in estimated gaze direction. This could be significant for some experiments. However, there are mitigating factors:
(i) Pupil position variations within one condition were usually quite small.
(ii) The dark/light shift for each subject was quite stable (Fig. 9) ; therefore, in principle, it could be measured and compensated for in critical experiments.
It would seem that particular care should be exercised when measuring large vergence eye movements, since they are often associated with substantial pupil responses.
Shape and placement of the pupil and the optics of the eye
While the main purpose of the present work was to extend the understanding of the normal pupil and iris, it is of interest to know the significance of the findings for the optics of the eye. Results of the following simulations, using a LeGrand schematic eye and the OSLO optical design program (Sinclair Optics), suggest that optical effects are unlikely to be of great significance.
Pupil shape. For pupils with ellipticity in the range of actual pupils, there was no detectable dependence of the modulation transfer function (MTF) on the meridian in which it was evaluated. [This is reasonable: although a substantial change of pupil diameter causes substantial MTF changes (e.g. Campbell & Green, 1965) , diameter only varies by a few percent due to ellipticity in real eyes.]
Pupilplacement. The visual axis exiting the eye points about 5 deg nasal to the optic axis (angle 'alpha', e.g. Bennett & Rabbetts, 1989) . The 1st Purkinje image of the source was found to be centered, on average, in the pupil in the light condition; i.e. the visual axis passed through the center of the entrance pupil in the light condition. Thus, the foveal image in this condition is formed by rays about 5 deg off-axis, which introduces a little oblique astigmatism and coma if the eye, except for the pupil, is rotationally symmetric about the optic axis. The nature of monochromatic aberrations in the eye is actually in some dispute, some recent work suggesting that coma and related aberrations dominate over spherical aberration (Howland & Howland, 1977; Bing & Campbell, 1994) .
Tracing ray-fans gave the following results:
(i) for a 5 mm dia pupil centered on the optic axis, and an object at infinity 5 deg nasal to the optic axis in the visual field (approximately conjugate to the fovea), coma, estimated by the average position in the paraxial image plane of the two (horizontal plane) marginal rays relative to the position of the chief ray was -0.038 mm (approx. 8 min of visual angle).
(ii) For the same situation, but with the pupil decentered 0.25mm nasal to the optic axis (its approximate location in the eye), coma was -0.073 mm (15 min).
(iii) For horizontal pupil shifts of _+ 0.1 mm about the position in (ii), coma was --0.093 mm (19 min) for a nasal shift and --0.053 mm (11 min) for a temporal shift. In the same circumstances, coma for a 3 mm pupil was considerably smaller; e.g. about -0.027 mm (6 min) for the pupil displaced 0.25 mm nasally as in (ii). Although these are results for a simple schematic eye, the numbers suggest that commonly-observed pupil noncircularity and position changes are unlikely to produce substantial effects on the optics of the eye.
Conclusion
In the present work, the focus has been on determining regularities in the properties of the form of normal pupils. It is hoped that, against such a background, aberrant properties should stand out and be susceptible to correlation with anatomical or physiological abnormalities. circular shapes which fall naturally into a polar coordinate representation, where is the center? This was located by exploiting an unusual property of circular harmonics--namely, that the first harmonic is not properly a part of the representation, because if the first harmonic in not zero, it shifts the center of gravity. (This may be visualized by picturing a small term proportional to sin 0 added to the unit circle: the radius is increased at 90 deg and decreased at 270 deg; thus, the center of gravity of the resulting shape is shifted away from the center of the unit circle in the 90 deg direction.)
A rough initial estimate of the pupil center was made by finding the average of the digitized points. The center of the pupil was then located by iterating the following steps:
(i) an equal-angular-interval data set was constructed from the original data points, using one of two methods of interpolation. In earlier portions of this work, interpolation used a filter derived from a Fourie~Lanczos filter, adapted for unequal data intervals; in later portions, cubic spline interpolation was used, giving slightly better representation of the fine details of shape. (This change does not affect any of the conclusions.)
(ii) The circular Fourier representation of the equal interval data set was determined. (20 terms was the usual cutoff, corresponding to the 40 or more points in the data set.) The series representation was cast in cosine form with phase angles W.:
2 (iii) An estimate was made of the derivatives of the amplitude of the first harmonic with respect to center location.
(iv) The pupil center was displaced in the xy plane from the previous estimate by an amount appropriate to zero the amplitude of the first harmonic. Steps (i)-(iv) were repeated until the amplitude of the first harmonic reached criterion smallness. (The criterion used was 10 5 times the average radius of the pupil.) With respect to taking the point determined as the pupil center, it should be noted that the addition of harmonics above the first will not shift the pupil center of gravity.
An example of the stages in analysis is shown in Fig. 2 with the Fourier representation shown in Fig. 2(C) . A useful aspect of the representation as a circular Fourier series is the simplicity of magnifying the noncircular components by an arbitrary factor for easy viewing and comparison--a factor of 5 was used in many of the illustrations, including Fig. 2(C) .
The limbus as an absolute coordinate system
Since it is possible, at least in principle, for the pupil center to move relative to the globe, measure ments were made of the limbus at the same time as the pupil, for a number of subjects. In most of the present work, 1(~15 points were digitized around as much of the limbus as was visible, and a circle was fitted to these points using a least-squares criterion [ Fig. 2(B) ]. The center of the circle was taken as the center of a globe-fixed coordinate system, and the position of the pupil center in those coordinates, determined as above, was recorded for each picture. For some subjects, one or two photographs, with the subject opening their lids as widely as possible, were used to digitize the limbus shape in a more detailed manner, similar to that described for the pupil. This limbus shape was then stored, and the position of the limbus in other photographs was determined by matching the stored shape to the more restricted set of limbal points from the other photographs. As described in Results, the differences between these two approaches were quite small, provided that the limbus was relatively circular (nearly always the case), and provided that a reasonable fraction of the limbus was visible on all of the photographs. The center of the circle best-fit to the limbus will be referred to as the limbus center. The limbus could also be described as the center of the visible iris; with a little practice, a relatively abrupt change from the white limbal stroma can be identified repeatedly.
Noncircularity of pupils and similarity of two pupil shapes
To characterize the total noncircularity of a given pupil shape, the measure used was:
which gives: 1 ,i~i ( r )2 NC z= ~ ,,= ~
This measure of noncircularity is, in effect, for the normalized shape v¢] , and so is dimensionless and independent of absolute pupil size. Two measures of similarity between two shapes were investigated; the first was:
where R(0) and S(0) are the two shapes, and s°, 4-and s~v¢ are the harmonic amplitudes, phase angles and average radius for S(0). This measure, similar to a coherence function, works quite well, but has the disadvantage for the present purposes that it is less specifically related to shape than it is to angular location of key shape determinants. For example, two ellipses with their major axes aligned give unity for similarity defined by equation (4), regardless of their individual eccentricities. While this is meaningful, in that it expresses the relationship between the major axis orientations, it did not seem appropriate to discard the information about shape per se; therefore, the following closely-related measure of similarity was devised: Z ro,,~ s ....
Sim(R,S) = (max{NC(R),NC(S)}) 2
This measure still has a value of + 1 for identical shapes, but is < 1 for the case mentioned above. 
and 0 < z < 1. Equation (5) has been used in the present work, but the choice does not materially affect the conclusions.
'Difference' shapes
In addition to determining similarities between pupil shapes under various circumstances, it is useful to be able to visualize the difference in shapes in a direct way. One way that this has been done is to generate 'difference' shapes, most often as the difference between the normalized dark shape minus the normalized light shape, with the difference expressed relative to the unit circle. This is related to, but not the same as, the dark shape (actual size) minus the light shape (actual size) which directly expresses the absolute change in radius. While the latter gives a measure which is more directly related to contraction, the former measure is more flexible in that it is useful for comparing shapes with similar radii. (For such cases, the values in the latter measure become small, so plots are less clear.) The normalized form has been used in the present work. Some examples of difference shapes may be found in Fig. 6(C) .
Variation of pupil shape
Given a set of determinations of pupil shape in an eye in the same experimental condition, a measure of variability is needed. One measure with intuitive appeal, useful in many circumstances, is the mean pairwise similarity. However, with small sets this measure can suggest less similarity (more variability) than is the case: if R~, Rz and R3 are three pupil shapes, and if R, and R2 are very similar but Rx is substantially different, then one might find Sim{l,2}=0.9, Sim{1,3}=0.3, Sim{2,3} = 0.3, giving a mean pairwise similarity of 0.5. An alternative measure to mean pairwise similarity is the mean similarity to the average shape:
1
Sim{Ra,~,R,}
Sim.ave = ~¢ ,=1
where R,vo is the average shape of the set. An additional indication of variation in such a set is the standard deviation of similarity to the average shape, which was calculated at the same time as the mean. (This is simply the SD of the numerical similarities to the average, computed during determination of the average, as above.) Both measures (mean pairwise similarity and mean similarity to the average shape) are employed, where appropriate, in the present work.
Best-fit ellipses
Given the symmetry of an ellipse, it is apparent that any ellipse can be expressed as a circular Fourier series in even terms only. (In fact, for ellipses which are nearly circular, their shape is almost entirely described by the first term, i.e. the cos 20 term.) For more eccentric ellipses, the amplitudes of the even harmonic terms vary nearly linearly with ellipse eccentricity on lo~log plots; i.e. their behavior is very close to simple power-law behavior. This was exploited in fitting ellipses to the shapes encountered: the initial guess was based on the second circular harmonic term, and an iterative approximation was used. For the eccentricity values encountered, only the first three even harmonics (r°, for n = 2, 4 and 6) were employed. Once the best-fit ellipse was determined, it could be subtracted from the actual pupil shape and the residual form expressed relative to the average radius. (For low eccentricities, this is nearly the same as omitting the 2nd harmonic from the series represen tation.) The fraction of noncircularity contributed by the best-fit ellipse was determined according to:
EI(R(O)) = { NC{E(O)} NC{L(O)} )z ~ NC{R(O)} ) 2=1-(NC{R(O)} ]
( 8) where El(R) is the elliptical contribution to pupil shape R(0), NC{R} is the noncircularity of shape R, NC{E} is the noncircularity of the ellipse E(0) best-fit to R, and NC{L} is the noncircularity of the shape L(0) remaining when the ellipse is subtracted from the pupil shape (and what is left is added to the average-radius circle). The noncircularity is comparable to amplitude in a Fourier spectrum, while the elliptical "contribution' is comparable to the energy of terms in a Fourier spectrum. For example, if the noncircularities of E and L are equal, they will both equal (1/.,/2) times the noncircularity of R, so that the elliptical contribution El(R) = 0.5. An example of a best-fit ellipse is shown in Fig. 2(D) . The eccentricity of an ellipse is related to its axes by: e 2= 1 (b2/a 2) where epsilon is the eccentricity, a is the major axis length and b is the minor axis length.
